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[1] A fast radiative transfer model has been developed for simulating high-resolution
absorption bands. The first scattering radiance is calculated accurately by using the higher
number of layers and streams for all required wave number grids. The multiple-scattering
component is extrapolated and/or interpolated from a finite set of calculations in the
space of two integrated gaseous absorption optical depths to the wave number grids: a
double-k approach. The double-k approach substantially reduces the error due to the
uncorrelated nature of overlapped absorption lines. More importantly, these finite
multiple-scattering radiances at specific k(li) values are computed with a reduced
number of layers and/or streams in the forward radiative transfer model. To simulate an
oxygen A-band spectrum, 28 calculations of radiative transfer are needed to achieve an
accuracy of 0.5% for most applications under all-sky conditions and 1.5% for the
most challenging multiple-layer cloud systems (99% of spectrum below 0.5%). This
represents a thousandfold time reduction in the standard forward radiative transfer
calculation.
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1. Introduction

[2] The remote sensing community has for a long time
recognized advantages in the oxygen A-band for retrieving
atmospheric properties and constituents. Because oxygen is
a well-mixed gas in the atmosphere, the pressure depen-
dence of oxygen A-band absorption line parameters pro-
vides a vehicle for retrieving vertical profiles of atmospheric
constituents from spectrometry of the oxygen A-band. The
concept underlying oxygen A-band retrievals is the princi-
ple of equivalence [Irvine, 1964, 1967; van de Hulst, 1980],
since the scattering properties of cloud and aerosol vary
slowly and predictably with wavelength. In principle, high-
spectral-resolution measurements (each individual line can
be resolved) may be capable of discriminating atmospheric
scattering from surface scattering, and thus provide a better
remote sensing technique for retrieving vertical profiles
of aerosols and clouds optical properties [Stephens and
Heidinger, 2000; Heidinger and Stephens, 2000, 2002;
Stephens et al., 2005] (for a detailed review, see Min et
al. [2004] and Min and Harrison [2004]). High-resolution
(�0.5 cm�1) oxygen A-band instruments were proposed for
the Cloudsat and CALIPSO missions; unfortunately, both
Cloudsat and CALIPSO A-band instruments were canceled
because of difficulties with other portions of the satellite

systems. Recently, the Orbiting Carbon Observatory (OCO)
mission was approved, and a high-resolution instrument
suite (O2 A-band and two CO2 bands) will be launched in
2007. We expect more high-resolution instruments in the
future.
[3] Analyzing high-resolution spectral measurements

requires radiative transfer calculations for simulating the
spectrum. Each pixel of the measured high-resolution
spectrum contains spectral responses from multiple absorp-
tion lines. Slight changes in instrument response function
(e.g., wavelength registration and slit function) would
change the measured spectrum significantly. To simulate a
high-resolution spectrum, it is necessary to make radiative
transfer calculations at much higher spectral resolution (in a
line-by-line domain) and to convolve the calculated high-
resolution spectrum with an adjusted instrument response
function. Computing such a high-resolution spectrum is
very time-consuming. A fast and accurate forward radiative
transfer model is crucial to reduce the computational cost
for operational retrievals. Various approximate techniques
have been proposed to reduce the computing time in
simulating oxygen A-band [Stam et al., 2000; Bennartz
and Fischer, 2000; Min and Harrison, 2004]. The
basic methods that underlie those techniques are the corre-
lated k-distribution for modest resolution (narrowband)
applications and the principle of equivalence through
photon path length distribution for high-resolution measure-
ments. Min and Harrison [2004] outlined an approach for
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simulating the oxygen A-band spectrum under clear-sky
conditions. In their approach, the radiation from absorption
and scattering processes of cloud and aerosol is split into the
single- and multiple-scattering components: The first scat-
tering component is computed accurately, and multiple-
scattering (second order and higher) radiance is calculated
approximately. In this paper, we extended and modified this
technique to all-sky conditions on the basis of the equiva-
lent theorem with a double-k distribution approach to
account for the uncorrelated nature of overlapped absorp-
tion lines. In this double-k approach, two integrated absorp-
tion optical depths, the total absorption optical depth, k, and
absorption optical depth from the top of the atmosphere to
the scattering layer, k0, are used to account for the vertical
distribution of gaseous absorption in multiple-scattering
media.

2. Methodology

2.1. Basic Steps for a Fast Forward Radiative
Transfer Model

[4] A sensitivity study, based on the successive-order-
of-scattering method [Min and Duan, 2004], shows that
contributions of the first scattering to the total radiance
are about 28, 50, and 95% for an atmosphere with total
optical depth of 1 and single-scattering albedos of 1, 0.5
and 0.1, respectively. Figure 1 shows single- and mul-
tiple-scattering components of radiances across the oxy-

gen A-band as a function of oxygen absorption optical
depths (k) for the reflectance at the top of the atmo-
sphere (TOA) and for the transmittance at the surface for
a clear-sky case. Even for a case of cirrus cloud with
optical depth of 2, shown in Figure 2, the ratio of the
single-scattering component to the multiple-scattering
component substantially decreases with an increase of
absorption optical depth. In general, the calculation of
single-scattering (the first order) radiance is accurate and
fast, and most of the computational cost is spent on
calculating multiple-scattering components. If the scat-
tered radiation of higher orders can be obtained approx-
imately to adequate accuracy with a fast approach, it
would speed up calculations. Taking advantage of the
equivalence theorem, the radiative transfer calculations
can be transformed from wave number space to absorp-
tion optical thickness space (or k space). A finite set of
calculations at some specific k values can be used to
define the transformation, and then the radiances at all k
values (or wave numbers) can be extrapolated and
interpolated from the transformation relation [Min and
Harrison, 2004]. This approach is to define a photon
path length distribution from a finite set of k values
implicitly and then apply the distribution to all wave
number grids. The accuracy and efficiency of solving the
radiative transfer equation also depend on the number of
atmospheric layers and streams used in the calculations.
A lower number of layers and streams would further

Figure 1. Single-scattering (SS) and multiple-scattering (MS) components of radiances as a function of
oxygen absorption optical depths for oxygen A-band for a clear sky with background aerosol loading:
The top panels are for the reflectance at TOA; the bottom panels are for transmittance at the surface. The
solar zenith angle is 35�, view zenith angle is 0�, surface albedo is 0.02, and aerosol optical depth is set to
be 0.08. See color version of this figure in the HTML.
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reduce computational cost. On the basis of these princi-
ples, Min and Harrison [2004] proposed concrete steps
for building a fast radiative transfer model, which are
outlined in the following equations:

I ¼ I ss lð Þ þ Ims lð Þ
� I ss Zh p; tð Þ;Ph;l

� �
þ Ims Zh p; tð Þ;Ph;l

� �
� I ss Zh p; tð Þ;Ph;l

� �
þ Ims Zl p; tð Þ;Pl;l

� �
� I ss Zh p; tð Þ;Ph;l

� �
þ Ims F Zl p; tð Þ;Pl; k lið Þ

� �� �
ð1Þ

where Z is the optical properties of the atmosphere as a
function of pressure and temperature. P is the phase
function of that layer. ss and ms stand for single and
multiple (second order and above) scattering, respectively. h
and l represent higher and lower number of layers and
streams, respectively. F is the transform function between
wave number space and k space, defined from a finite set of
k(li). The single-scattering radiance is accurately calculated
by using the highest number of layers and streams for all
required wave number grids. The multiple-scattering
components are calculated in a small set of k values in k
space to define the transformation function that transforms
multiple-scattering components from k space. More im-
portantly, these finite multiple-scattering radiances at
specific k(li) values are computed with a reduced number
of layers and/or streams in a forward radiative transfer
model. These aspects of simplification for multiple-scatter-
ing components will substantially reduce the computational
time.

2.2. Characteristics of Absorption Lines in Oxygen
A-band and a Double-k Approach

[5] The lines in the A-band are well fitted as Lorentzian
in the lower atmosphere:

ki ¼
Si

p
ai

v� vi � dið Þ2 þ a2
i

ð2Þ

where

ai ¼ a0
i P=Poð Þ T0=Tð Þn and di ¼ d0i r=roð Þ ð3Þ

and Si is the line intensity, vi is the line center wave number,
ai is the half width, and di is the line shift for the ith line. ai

0,
di
0, and r0 are the half-width, line shift and atmospheric
density at standard pressure (P0) and temperature (T0),
respectively. The value of n is, generally, between 0 and 1/2.
The temperature and pressure dependency of absorption
coefficients is different from a line center to the wing of the
line as

kv � P=Poð Þ T0=Tð Þn when v� v0 � d 	 a0

kv � P0=Pð Þ T=T0ð Þn when v� v0 � d 
 a0

ð4Þ

Figure 3 shows the absorption optical depth spectrum in the
oxygen A-band calculated by a line-by-line (LBL) model

Figure 2. Ratio between single- and multiple-scattering
(second order and higher) radiance: The top panel is for the
reflectance at TOA; the bottom panel is for transmittance at
the surface. The cloud is set between 9.335 and 10.05 km
with optical depth of 2, and the geometry is the same as in
Figure 1. See color version of this figure in the HTML.

Figure 3. Absorption optical depth spectrum at resolution
of 0.001 cm�1 and simulated benchmark spectra for a cirrus
cloud case. See color version of this figure in the HTML.
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with a resolution of 0.001 cm�1 [Clough et al., 1992; see
http://www.rtweb.aer.com/lblrtm_frame.html]. The reflec-
tance and transmittance spectra are calculated by a discrete
ordinate radiative transfer (DISORT) model [Stamnes et al.,
1988] coupled with the LBL model. In both R and P
branches, the lines at low rotational quantum numbers have
strong absorption with centerline transmissions as low as
10�40 when observed at the surface. The lines in the wings
of the band, with higher rotational quantum numbers,
appear weak in absorption, because at atmospheric
temperature few of the oxygen molecules populate these
higher rotational states; consequently, the apparent strengths
of the lines in the wings of the band are strongly

temperature dependent because of Boltzmann statistics of
the populations. In general, we have

Si ¼ Si T0ð ÞT0
T

exp 1:439E00 1

T0
� 1

T

� �� �
ð5Þ

where E00 is the energy of the lower state of the transition,
which increases significantly from the band center toward
the wing region, while the normalized line strengths Si(T0)
decrease.
[6] Multiple absorption lines in the oxygen A-band over-

lap each other’s wings, and the absorption coefficients of
oxygen absorption lines strongly depend on the temperature
and pressure of the atmosphere. As illustrated in Figure 4,
for the same total absorption optical depth of 1, the vertical
profiles of absorption optical depth significantly differ at
different wave numbers. Vertical profiles at 13,021.196
and 13,021.375 cm�1 are different from each other since
they are near the line center (13,021.29125 cm�1) but
on different sides of the line center. In contrast to the
position of 13,021.375 cm�1 that is near its line center,
13,093.047 cm�1 is at the line wing far from its line center.
Thus vertical profiles substantially differ as the temperature
and pressure dependences of absorption coefficients
are inverse. The vertical profiles at 13,077.038 and
13,088.318 cm�1 are different because of the different
partitions of absorption between O16 and O18, where most
absorption comes from O18 absorption near its line center.
[7] Different absorption profiles of oxygen coupled with

vertical distributions of scattering of aerosol and cloud
result in substantially different radiation fields. The reflec-
tances at TOA for the same total absorption optical depth

Figure 4. Vertical distributions of oxygen absorption at
five wave numbers with the same total absorption optical
depth. See color version of this figure in the HTML.

Figure 5. Comparison between the benchmark and interpolated reflectances at the TOA for four ranges
of k at three different k0 values. See color version of this figure in the HTML.

D15201 DUAN ET AL.: FAST RADIATIVE TRANSFER SIMULATION

4 of 10

D15201



marked as numbers 1, 2, 3, 4, and 5 in Figure 1, related to
the profiles shown in Figure 4, are substantially different
(over 60%) because of different absorption profiles of
oxygen. It illustrates that the uncorrelated nature of the

atmosphere makes the correlation k-distribution method
invalid in the high-resolution applications. To deal with this
issue in a multiple-scattering regime, a double-k approach is
proposed by introducing a second parameter, k0. The k0

Figure 6. Comparison between benchmark and interpolated reflectances at the TOA as a function of
x(k0/k) for four specific k values. See color version of this figure in the HTML.

Figure 7. Comparison between the benchmark and interpolated transmittances at the surface for four
ranges of k at three different k0 values. See color version of this figure in the HTML.
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parameter is the absorption optical depth from TOA to a
layer where substantial scattering events take place. A new
parameter, x = k0/k, represents the ratio of absorption depths.
In this double-k approach, the multiple-scattering compo-
nents in equation (1) can be written as

Ims lð Þ ¼ Ims F Zl p; tð Þ;Pl ; k lið Þ
� �� �

¼ Ims F k 0 lð Þ; k lð Þ½ �f g
¼ g kð Þfk k 0=kð Þ ð6Þ

At the limits of strong and weak line approximations, the
spectral transmittance can be written by a simple exponen-
tial function in terms of the generalized absorption
coefficients [Liou, 1992]. In this fast approach, piecewise
analytical functions are used to define g(k):

g kð Þ ¼

G bþ 1ð Þ= k � að Þbþ1
k 2 0; 1½ �

e� a1þb1kþc1k
2þd1k

3ð Þ k 2 1; 5½ �
e� a2þb2kþc2k

2þd2k
3ð Þ k 2 5; 10½ �

e� a3þb3kð Þ k 2 10;1½ �

8>>><
>>>:

ð7Þ

When k 2 [0, 1], a simple analytical function is chosen,
which implies a gamma function in photon path length
distribution based on Laplace transfer from k space
[Harrison and Min, 1997; Min and Clothiaux, 2003;
Lenoble, 1985]. When k > 1, an exponential function is
applied piecewise. Further, the function of fk(x) is defined as

fk xð Þ ¼ g1e
�b1x when x <¼ x0

g2e
�b2x when x > x0



ð8Þ

where x0 is the average value of x for each fixed k.
Equations (7) and (8) provide two-dimensional mapping for
a given pair of double-k, k0 and k. The coefficients in
equations (7) and (8) can be easily solved by fitting
accurately calculated multiple-scattering radiances. It is
desirable to select k0 at a layer where maximum events of
scattering occur. Studies suggest that such a layer is
generally located at scattering optical depth between 1.0
and 2.0 [Duan and Min, 2005]. For the case where the total

scattering optical depth is greater than 2, a layer with
scattering optical depth of 1.0 is selected to determine k0 in
the simulations. Otherwise, a layer with a half of the total
scattering optical depth is selected for calculating k0 values.

3. Results

[8] Speed is gained at the expense of accuracy, requiring
optimization between these two aspects. Most spectrometers
currently have absolute accuracy of 2% or worse. Therefore
the goal of accuracy for this fast radiative transfer model is set
to be 2% or better. To achieve this accuracy, the model needs
to solve radiative transfer equation only 28 times to simulate
the entire oxygen A-band (between 755 and 775 nm). The
simplification represents a thousandfold reduction of stan-
dard LBL radiative transfer calculations. In the following
discussion, the benchmark high-resolution spectra were sim-
ulated at spectral resolution of 0.001 cm�1 with a benchmark
radiative transfer model that couples a LBL model with the
radiative transfer solver, DISORT. In this benchmark model
the standard atmospheric profile was used and divided
into 34 vertical layers. The multiple scattering was
computed with 48 streams.

3.1. Coefficient Fitting

[9] The coefficients in equations (7) and (8) are deter-
mined in the following procedures: (1) selecting k (ten,

Figure 8. Assumed slit function in the simulations. See
color version of this figure in the HTML.

Figure 9. Absorption optical depth spectrum at the
simulated instrument resolution and ‘‘observed’’ spectra
for a cirrus cloud case. See color version of this figure in the
HTML.
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including k = 0 as the baseline) with an equal logarithmical
increment of k; (2) selecting xi (one for k = 0, and three
otherwise, i = �1, 0, 1) on the basis of the dynamic range of
k0 for a given k; (3) computing the multiple-scattering
radiance, Ixi

ms, and normalizing Ixi
ms by f = Ixi

ms/Ix0
ms; (4) fitting

equation (7) for Ix0
ms and equation (8) for f to determine all

coefficients. For any wave number, the multiple-scattering
component can be determined by equations (6)–(8) with
corresponding values of k and x = k0/k. Figure 5 shows
the comparison of the simulated benchmark results with
interpolated reflectances based on equation (7) for four
ranges of k at three different k0 values. In this case
(case 1 in the following case studies), a cirrus cloud with
optical depth of 2 is located at 10 km (between 9.3 and
10.1 km), in addition to a background aerosol loading. The
surface albedo is set to be 0.02. The differences between
three k0 values increase with absorption optical depths
when k is not large, indicating the impact of vertical
profile of absorption on cloud scattering process. When
k is large, the differences are significantly reduced,
as photons observed at TOA are dominated by single
scattering. Figure 6 also illustrates that the piecewise
exponential functions of equation (8) fit well for various
values of x.
[10] Figure 7 shows the comparison for transmittances at

the surface. Since all photons observed at the surface must
experience at least one atmosphere of absorption, the
perturbation of absorption due to different vertical profiles

Figure 10. Differences between simulated spectra by the benchmark and fast radiative transfer
models as a function of absorption optical depths for a cirrus cloud case: The two left plots are at
high-resolution spectra (0.001 cm�1); the two right plots are at instrument resolution after the
convolution with instrument spectral response function. See color version of this figure in the
HTML.

Figure 11. Differences of ‘‘observed’’ spectra as a
function of wavelength for a cirrus cloud case. See color
version of this figure in the HTML.
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is a small fraction of total absorption. Therefore different
vertical absorption profiles have small effect on transmit-
tance. Again, the interpolated transmittances agree well with
the benchmark results.

3.2. Case Studies

[11] Extensive testing of this fast radiative transfer model
has been conducted. Four special cases will be discussed to
illustrate accuracy of the fast radiative transfer model. The

solar zenith angle is set to be 35 degrees, the surface is
assumed to be Lambert with albedo of 0.02. Only nadir and
zenith radiances are discussed in these case studies (radi-
ances at other view angles show the similar accuracy). To
mimic a real measurement, a realistic instrument slit func-
tion, shown in Figure 8, is used to convolve with the spectra
calculated at the very high resolution of 0.001 cm�1. This
slit function is based on the measured slit function of high-
resolution oxygenA-band andwater vapor band spectrometer
(HAWS) [Min et al., 2004] and represents an instrument with
full-width half-maximum (FWHM) of 0.5 cm�1 (0.03 nm)
and out of band rejection of 5 � 10�6.
[12] Case 1 is a cirrus cloud case with cloud optical depth

of 2 at 10 km. The benchmark spectra (Figure 3) have been
convolved with the slit function to yield the ‘‘observed’’
spectra at TOA and at the surface, shown in Figure 9. The
maximum observable absorption optical depth, an indicator
of instrument resolving power, is 5 for this instrument
response function. Figure 10 shows the difference between
the bench model and fast model results as a function of
absorption optical depths: the two left plots for unconvolved
spectra and two right plots for convolved spectra. The big
differences for the reflectance spectrum without convolution
occur at k values between 7 and 30 with magnitudes of 5%
or so. However, the number of points with large errors are
few, and the reflectances at these k values are small because
of strong absorption. The reflectances at these k values
make a small contribution to the observed radiance at a
particular pixel when convolved with the instrument spec-
tral response function. The differences for ‘‘observed’’
spectra, shown in the right panels of Figure 10, are reduced
to less than 0.5%. Spectrally, as shown in Figure 11, the big
differences occur at the centers of both branches where
absorptions of oxygen are strong. The differences in trans-
mittance are much smaller than that in reflectance.

Figure 12. Same as Figure 11 but for a thick cloud case.
See color version of this figure in the HTML.

Figure 13. Same as Figure 11 but for a double-layer cloud
case. See color version of this figure in the HTML.

Figure 14. Same as Figure 11 but for an aerosol case. See
color version of this figure in the HTML.
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[13] Case 2 is for a thick water cloud located at 1 km
(between 0.8 and 1.3 km). The optical depth of cloud is set
to be 20 with effective radius of 8 mm. The fast radiative
transfer model simulates accurate spectra at both TOA and
the surface. Maximum differences, shown in Figure 12, are
0.5% and 0.4% for reflectance and transmittance spectra,
respectively. The conclusion can be drawn from cases 1 and
2 that the accuracy of the fast model is better than 0.5% for
any single cloud layer case.
[14] Case 3 is for a double-layer cloud system. A thin

cloud (t = 1) is located at 10 km over a low-level thick
cloud (t = 20) at 1 km. This is a challenging case, since
photons are not only scattered inside clouds but also
bounced between cloud layers. The photon path length
distribution is complicated in this case, which may require
more pairs of k0 and k to define it accurately. However, the
spectra simulated by this fast model (with 28 calculations)
agree with the benchmark spectra better than 1.5%, shown
in Figure 13. Only a few points with accuracy less than
1.5% occur at very large k values, where the absolute values
are very small. The errors are not structured and are well
below the possible noise levels of the darkest pixels of
measurements and errors associated with uncertainty of line
parameters; thus they have limited impact on retrievals.
[15] Aerosol cases are much simpler than cloudy cases

since scattering optical depths are small. In case 4, aerosol
with optical depth of 0.08 is loaded into the atmosphere.
Figure 14 shows the comparison of oxygen A-band spectra
simulated by the benchmark model and by the fast radiative
transfer model. The biggest differences for reflectance and
transmittance spectra are less than 0.4% and 0.1%, respec-

tively. This is consistent with the results of Min and
Harrison [2004].
[16] If the vertical distribution of absorption is not taken

into account, for example, equation (8) is not used, the error
in simple k-distribution approach will be very large. As
shown in Figure 15, errors in reflectance at TOA for the
above four cases, thin high cloud, low thick cloud, multi-
layer cloud, and clear sky, are 30%, 60%, 40% and 15%,
respectively. They are substantially worse than those of the
double-k approach.

4. Discussion and Summary

[17] Retrieving information operationally from high-
resolution instruments requires a fast radiative transfer model
to simulate the observed spectrum one way or another. In
this paper, a fast and accurate radiative transfer model has
been developed. This model built upon insights into radia-
tive transfer in an absorption band: (1) The first scattering
component consists in major portion of total radiance,
particularly for strong absorption in the atmosphere, and
the single-scattering radiance can be calculated quickly and
accurately. (2) On the basis of the principle of equivalence,
the calculation of multiple-scattering components can be
transformed from wave number space to absorption optical
depth space. (3) Because of multiple scattering, the radiation
field is smoothed, i.e., there is a smoother distribution of
photon path length, and the multiple-scattering radiances at
absorption optical depths can be extrapolated and interpo-
lated from a finite set of radiative transfer calculations at
specific k values. (4) Given the same total absorption optical



depth k, the vertical profiles of each individual line are
different because of the characteristics of absorption lines;
thus the simple assumption of correlated k-distribution is
invalid. (5) Accuracy of radiative transfer calculation
depends on the numbers of vertical layers and streams.
Therefore a fast and accurate radiative transfer model was
developed by separating single- and multiple-scattering
contributions and treating multiple scattering with a
double-k approach.
[18] In the model, only 28 calculations of radiative transfer

are needed to achieve an accuracy of 0.5% for most applica-
tions and 1.5% for the most challenging multiple-layer cloud
systems (99% of spectrum below 0.5%). This represents a
thousandfold time reduction in standard forward radiative
transfer calculation for entire oxygen A-band spectrum. This
approach is based on the sorting in the absorption optical
depth space (total absorption optical depth, k, and absorption
optical depth from TOA to the scattering layer, k0), which
couples the absorption process with the scattering process in
the atmosphere. The principles demonstrated here can be
easily applied to other absorption bands, such as the H2O and
CO2 absorption bands. Furthermore, this fast model builds
upon a linear combination of single and multiple components
and an interpolation with piecewise analytical functions. The
derivatives (Jacobian) with respect to retrieved parameters
can be easily obtained in this model.
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Science (BER), U.S. Department of Energy, through Atmospheric Radia-
tion Measurement (ARM) grant DE-FG02-03ER63531 and through the
Northeast Regional Center of the National Institute for Global Environ-
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